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Figure 23.10: Contributions to the fractional energy loss by muons in iron due to
e+e− pair production, bremsstrahlung, and photonuclear interactions, as obtained
from Lohmann et al. [44].

23.6. Muon energy loss at high energy

At sufficiently high energies, radiative processes become more important than
ionization for all charged particles. For muons and pions in materials such as iron, this
“critical energy” occurs at several hundred GeV. Radiative effects dominate the energy
loss of energetic muons found in cosmic rays or produced at the newest accelerators.
These processes are characterized by small cross sections, hard spectra, large energy
fluctuations, and the associated generation of electromagnetic and (in the case of
photonuclear interactions) hadronic showers [45–53]. As a consequence, at these energies
the treatment of energy loss as a uniform and continuous process is for many purposes
inadequate.

It is convenient to write the average rate of muon energy loss as [43]
−dE/dx = a(E) + b(E)E . (23.28)

Here a(E) is the ionization energy loss given by Eq. (23.1), and b(E) is the sum of e+e−

pair production, bremsstrahlung, and photonuclear contributions. To the approximation
that these slowly-varying functions are constant, the mean range x0 of a muon with initial
energy E0 is given by

x0 ≈ (1/b) ln(1 + E0/Eµc) , (23.29)

where Eµc = a/b. Figure 23.10 shows contributions to b(E) for iron. Since a(E) ≈ 0.002
GeV g−1 cm2, b(E)E dominates the energy loss above several hundred GeV, where b(E)
is nearly constant. The rate of energy loss for muons in hydrogen, uranium, and iron is
shown in Fig. 23.11 [44].
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Figure 23.11: The average energy loss of a muon in hydrogen, iron, and uranium
as a function of muon energy. Contributions to dE/dx in iron from ionization and
the processes shown in Fig. 23.10 are also shown.

The “muon critical energy” Eµc can be defined more exactly as the energy
at which radiative and ionization losses are equal, and can be found by solving
Eµc = a(Eµc)/b(Eµc). This definition corresponds to the solid-line intersection in
Fig. 23.6, and is different from the Rossi definition we used for electrons. It serves the
same function: below Eµc ionization losses dominate, and above Eµc dominate. The
dependence of Eµc on atomic number Z is shown in Fig. 23.12.

The radiative cross sections are expressed as functions of the fractional energy loss
ν. The bremsstrahlung cross section goes roughly as 1/ν over most of the range, while
for the pair production case the distribution goes as ν−3 to ν−2 (see Ref. 55). “Hard”
losses are therefore more probable in bremsstrahlung, and in fact energy losses due to
pair production may very nearly be treated as continuous. The calculated momentum
distribution of an incident 1 TeV/c muon beam after it crosses 3 m of iron is shown
in Fig. 23.13. The most probable loss is 9 GeV, or 3.8 MeV g−1cm2. The full width
at half maximum is 7 GeV/c, or 0.7%. The radiative tail is almost entirely due to
bremsstrahlung; this includes most of the 10% that lost more than 2.8% of their
energy. Most of the 3.3% that lost more than 10% of their incident energy experienced
photonuclear interactions, which are concentrated in rare, relatively hard collisions. The
latter can exceed nominal detector resolution [56], necessitating the reconstruction of lost
energy. Electromagnetic and hadronic cascades in detector materials can obscure muon
tracks in detector planes and reduce tracking efficiency [57].

October 14, 1998 12:52



20 23. Passage of particles through matter

1 2 5 10 20 50 100
  50

 100

 200

 500

1000

2000

5000

E
µc

 (
G

eV
)

Z

6224 GeV______________
 (Z + 2.05)0.876

7788 GeV___________
 (Z + 2.01)0.888

Solids
Gases

Figure 23.12: Muon critical energy for the chemical elements, defined as the
energy at which radiative and ionization energy loss rates are equal. The equality
comes at a higher energy for gases than for solids or liquids with the same atomic
number because of a smaller density effect reduction of the ionization losses. The
fits shown in the figure exclude hydrogen. Alkali metals fall 3–4% above the fitted
function, while most other solids are within 2% of the function. Among the gases
the worst fit is for neon (1.4% high). (Courtesy of N.V. Mokhov and S.I. Striganov.)

23.7. Čerenkov and transition radiation [4,58,59]

A charged particle radiates if its velocity is greater than the local phase velocity of
light (Čerenkov radiation) or if it crosses suddenly from one medium to another with
different optical properties (transition radiation). Neither process is important for energy
loss, but both are used in high-energy physics detectors.

Čerenkov Radiation. The half-angle θc of the Čerenkov cone for a particle with velocity
βc in a medium with index of refraction n is

θc = arccos(1/nβ)

≈
√

2(1− 1/nβ) for small θc, e.g. in gases. (23.30)

The threshold velocity βt is 1/n, and γt = 1/(1−β2
t )

1/2. Therefore, βtγt = 1/(2δ+δ2)1/2,
where δ = n− 1. Values of δ for various commonly used gases are given as a function of
pressure and wavelength in Ref. 60. For values at atmospheric pressure, see Table 6.1.
Data for other commonly used materials are given in Ref. 61.

The number of photons produced per unit path length of a particle with charge ze and
per unit energy interval of the photons is

d2N

dEdx
=
αz2

~c
sin2 θc =

α2z2

remec2

(
1− 1

β2n2(E)

)
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Figure 23.13: The momentum distribution of 1 TeV/c muons after traversing 3 m
of iron, as obtained with Van Ginniken’s TRAMU muon transport code [55].

≈ 370 sin2 θc(E) eV−1cm−1 (z = 1) , (23.31)

or, equivalently,
d2N

dxdλ
=

2παz2

λ2

(
1− 1

β2n2(λ)

)
. (23.32)

The index of refraction is a function of photon energy E, as is the sensitivity of the
transducer used to detect the light. For practical use, Eq. (23.31) must be multiplied by
the the transducer response function and integrated over the region for which β n(E) > 1.
Further details are given in the discussion of Čerenkov detectors in the Detectors section
(Sec. 25 of this Review).

Transition Radiation. The energy radiated when a particle with charge ze crosses the
boundary between vacuum and a medium with plasma frequency ωp is

I = αz2γ~ωp/3 , (23.33)

where

~ωp =
√

4πNer3
e mec

2/α

=
√

4πNea3∞ 2× 13.6 eV . (23.34)

Here Ne is the electron density in the medium, re is the classical electron radius, and
a∞ is the Bohr radius. For styrene and similar materials,

√
4πNea3∞ ≈ 0.8, so that

~ωp ≈ 20 eV. The typical emission angle is 1/γ.
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The radiation spectrum is logarithmically divergent at low energies and decreases
rapidly for ~ω/γ~ωp > 1. About half the energy is emitted in the range 0.1 ≤ ~ω/γ~ωp ≤
1. For a particle with γ = 103, the radiated photons are in the soft x-ray range 2 to
20 eV. The γ dependence of the emitted energy thus comes from the hardening of the
spectrum rather than from an increased quantum yield. For a typical radiated photon
energy of γ~ωp/4, the quantum yield is

Nγ ≈
1
2
αz2γ~ωp

3

/γ~ωp
4

≈ 2
3αz

2 ≈ 0.5%× z2 . (23.35)

More precisely, the number of photons with energy ~ω > ~ω0 is given by [4]

Nγ(~ω > ~ω0) =
αz2

π

[(
ln
γ~ωp
~ω0

− 1
)2

+
π2

12

]
, (23.36)

within corrections of order (~ω0/γ~ωp)2. The number of photons above a fixed
energy ~ω0 � γ~ωp thus grows as (ln γ)2, but the number above a fixed fraction
of γ~ωp (as in the example above) is constant. For example, for ~ω > γ~ωp/10,
Nγ = 2.519αz2/π = 0.59%× z2.

The yield can be increased by using a stack of plastic foils with gaps between. However,
interference can be important, and the soft x rays are readily absorbed in the foils. The
first problem can be overcome by choosing thicknesses and spacings large compared to
the “formation length” D = γc/ωp, which in practical situations is tens of µm. Other
practical problems are discussed in Sec. 25.
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